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a b s t r a c t
In this paper, He’s variational approach is applied to the strongly nonlinear oscillators with
high nonlinearity. Some examples are given to illustrate the effectiveness and convenience
of thismethod. Comparisonwith the exact solutions is alsomade, revealing that the present
method leads to accurate solutions.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Recently, there have been a multitude of methods presented for solving nonlinear oscillators, for instance, the harmonic
balance method [1–3], the variational iteration method [4–8], the homotopy perturbation method [9–17], the energy
balance method [18–21], the modified Lindstedt–Poincaré method [22–25] and the parameter-expansion method [26,27].
A complete review of the recently developed analytical methods is available in Ref. [28]. In this paper, we will apply He’s
variational approach [29] to the discussed problem.
2. A novel variational approach
We consider a general nonlinear oscillator in the form
u′′ + f (u) = 0. (1)
Its variational principle can be easily established by using the semi-inverse method [30]:
J (u) =
∫ T/4
0
{
−1
2
u′2 + F (u)
}
dt, (2)
where T is the period of the nonlinear oscillator, ∂F/∂u = f .
We assume that its approximate solution can be expressed as
u (t) = A cosωt (3)
where A and ω are the amplitude and frequency of the oscillator, respectively.
Substituting (3) into (2) leads to
J (A, ω) =
∫ T
0
{
−1
2
A2ω2 sin2 ωt + F (A cosωt)
}
dt = 1
ω
∫ 2pi
0
{
−1
2
A2ω2 sin2 t + F (A cos t)
}
dt. (4)
According to the Ritz method, we should set ∂ J/∂A = 0 and ∂ J/∂ω = 0 to identify ω, but such an approach is not valid
for the nonlinear oscillators. In Ref. [29], J.H. He gave a very lucid as well as elementary discussion of the invalidity of the
E-mail address: junfang-liu@mail.dhu.edu.cn.
0898-1221/$ – see front matter© 2009 Elsevier Ltd. All rights reserved.
doi:10.1016/j.camwa.2009.03.074
2424 J.-F. Liu / Computers and Mathematics with Applications 58 (2009) 2423–2426
Fig. 1. Comparison of the exact solution of Eq. (6) with the approximate solution u = A cosωt , where ω is defined by Eq. (11). Dashed line: approximate
solution; continuous line: exact solution.
Ritz method. In particular, J.H. He used an unheard-of simple procedure to arrive at a surprisingly accurate prediction for
the relationship between the frequency and amplitude of a nonlinear oscillator. According to Ref. [29], to identify ω one
requires
dJ
dA
= 0, (5)
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from which the relationship between the amplitude and frequency of the oscillator can be easily obtained.
3. The application of the novel variational method
Now we apply He’s variational method to the following nonlinear oscillator:
u′′ + u+ au3 + bu5 + cu7 = 0, u(0) = A, u′(0) = 0. (6)
Its variational formulation can be readily obtained as follows:
J(u) =
∫ T/4
0
{
−1
2
u′2 + 1
2
u2 + 1
4
au4 + 1
6
bu6 + 1
8
cu8
}
dt. (7)
Substituting the approximate solution u (t) = A cosωt into (7), we have
J (A, ω) =
∫ T/4
0
{
−1
2
A2ω2 sin2 ωt + 1
2
A2 cos2 ωt + 1
4
aA4 cos4 ωt + 1
6
bA6 cos6 ωt + 1
8
cA8 cos8 ωt
}
dt. (8)
The stationary condition with respect to A reads
dJ
dA
=
∫ T/4
0
{−Aω2 sin2 ωt + A cos2 ωt + aA3 cos4 ωt + bA5 cos6 ωt + cA7 cos8 ωt} dt
or
∫ pi/2
0
{−Aω2 sin2 t + A cos2 t + aA3 cos4 t + bA5 cos6 t + cA7 cos8 t} dt = 0 (9)
which leads to the result
ω2 =
∫ pi/2
0
{
A cos2 t + aA3 cos4 t + bA5 cos6 t + cA7 cos8} dt
A
∫ pi/2
0 sin
2 tdt
= 1+ 3
4
aA2 + 5
8
bA4 + 35
64
cA6. (10)
Hence, the approximate solution can be readily obtained:
u (t) = A cos
(√
1+ 3
4
aA2 + 5
8
bA4 + 35
64
cA6t
)
. (11)
The comparison of the approximate solution, Eq. (11), with the exact one is illustrated in Fig. 1.
For the case b = c = 0, Eq. (1) turns to be the well-known Duffing equation, and its frequency–amplitude relationship
obtained by the homotopy perturbation method, the variational iteration method, and the parameter-expansion method is
ω =
√
1+ 3
4
aA2
which agrees exactly with our prediction.
4. Conclusion
He’s variational approach for nonlinear oscillators is of high accuracy. Themethod can be easily extended to any nonlinear
oscillator without any difficulty, and the present paper can be used as a paradigm for many other applications in searching
for periodic solutions for nonlinear oscillations.
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